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Abstract
This paper is concerned with a mathematical model which describes
2-D flows of an incompressible viscoelastic fluid of Oldroyd type in a
bounded domain. We prove the existence and uniqueness theorem for
global (in time) weak solutions and derive the energy equation.
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1 Introduction
In this paper, we will consider the following nonlinear system, which describes,
at least at first approximation, 2-D flows of an incompressible viscoelastic fluid
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of the Oldroyd kind in a fixed geometry Ω:
Re
(
∂v
∂t
+ (v · ∇)v
)
− (1− a)∆v −∇ · τ +∇pi = f in Ω× (0, T ), (1)
∇ · v = 0 in Ω× (0, T ), (2)
We
∂τ
∂t
+ τ = 2aE(v) in Ω× (0, T ), (3)
v = 0 on ∂Ω× (0, T ), (4)
v(·, 0) = v0, τ (·, 0) = τ 0 in Ω. (5)
Here, Ω is an open bounded (sufficiently smooth) subset of R2, T is a prescribed
final time, v = {vi(x, t)} is the velocity of the fluid, τ = {τij(x, t)} is the
elastic extra-stress tensor with τ12(x, t) ≡ τ21(x, t), pi = pi(x, t) is the pressure
distribution, E(v) is the symmetric part of the velocity gradient,
E(v) =
1
2
(
∇v + (∇v)T
)
,
the vector function f = {fi(x, t)} is the field of exterior forces, Re > 0 is the
Reynolds number of the fluid, We > 0 is the Weissenberg number, and a is a
model parameter such that 0 < a < 1.
In system (1)–(5), the unknowns are v, τ and p; the data of the problem
are f , v0, τ 0 and the constants Re, We and a.
It should be mentioned at this point that a lot of mathematical studies
have been conducted towards the Oldroyd systems and similar non-Newtonian
models. Starting with Renardy [13] and Guillope´ and Saut [11] there is an
ever growing list of contributions. Local existence and uniqueness theorems
are given in [8], [10], [11]. In his paper [17], Turganbaev proves existence of
global (in time) weak solutions for Oldroyd fluids with material time derivative
in the constitutive law. Various well-posedness results for motion equations
with classical boundary conditions were obtained also in [1], [5], [9], [12]. Note
also that slip problems for Oldroyd type models have recently attracted con-
siderable interest (see [3], [4], [6], [7], [14]). A review of mathematical results
on viscoelastic fluids models and many references may be found in [15].
Unfortunately, there exists only a limited number of results concerning
with the uniqueness of solutions for Oldroyd type models, and all of them are
devoted to sufficiently slow flows or local-in-time solutions (see [8], [9], [11],
[10]). A possible way out is to consider 2-D flows with linearized constitutive
law (3). So, we arrive at problem (1)–(5).
Our main result provides the existence and uniqueness of weak solutions
(see Theorem 1). The proof of this result is based on classical (in mathe-
matical studies of hydrodynamics) techniques, including the Faedo–Galerkin
procedure, energy estimates and Ladyzhenskaya’s inequality.
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2 Preliminary Notes
Throughout this paper we will use the following spaces: the Lebesgue spaces
Lp(Ω), 1 ≤ p ≤ ∞, with the norm ‖ · ‖Lp ; the Sobolev spacesW
m
q (Ω), m ∈ N,
1 ≤ q ≤ ∞, with the norm ‖ · ‖Wm
q
. This notation is used for vector or matrix
functions, and which of them is clear from the context. As usual,
Hm(Ω) :=Wm2 (Ω).
See [2] for definitions and properties of these spaces.
We will use the standard (in mathematical studies of hydrodynamics) func-
tion spaces:
D(Ω) := {u ∈ C∞(Ω) : supp u ⊂ Ω},
V := {u ∈ C∞(Ω) : ∇ · u = 0, supp u ⊂ Ω},
H := the closure of V with respect to the norm of L2(Ω),
V := the closure of V with respect to the norm of H1(Ω),
Hm0 (Ω) := the closure of D(Ω) with respect to the norm of H
m(Ω).
We introduce the following notation
(u,w) :=
∫
Ω
u ·w dx, u,w ∈ L2(Ω).
Let us define the inner product in V by the formula
(u,w)V := (1− a)(∇u,∇w).
This inner product is convenient for deriving estimates of solutions. The norm
‖u‖V := (u,u)
1/2
V
is equivalent to the norm induced from the space H1(Ω).
Using the Riesz representation theorem, one identifies the space H with
its conjugate space H∗ ≡H . Therefore we arrive at the inclusions
V ⊂H ≡H∗ ⊂ V ∗.
For a Banach space X, denote by C([0, T ];X) the space of continuous
functions u : [0, T ]→ X. Furthermore, denote by Cw([0, T ];X) the set of the
functions u : [0, T ] → X which are weakly continuous. As usual, Lq(0, T ;X)
denotes the space of Lq-integrable functions from [0, T ] into X.
Finally, the symbol R2×2sym will denote the space of symmetric real 2 × 2-
matrices.
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3 Weak Formulation of Problem (1)–(5)
We now give the following definition. Let
v0 ∈H , τ 0 ∈ L2(Ω), f ∈ L2
(
0, T ;L2(Ω)
)
. (6)
Definition 1 One says that a pair of functions
v : Ω× [0, T ]→ R2, v ∈ L2(0, T ;V ) ∩Cw([0, T ];H),
τ : Ω× [0, T ]→ R2×2
sym
, τ ∈ Cw([0, T ];L2(Ω))
is a weak solution to problem (1)–(5) if it satisfies the initial conditions (5),
and if the equalities
Re
d
dt
(v,ϕ)− Re
2∑
i=1
(
viv,
∂ϕ
∂xi
)
+ (1− a)
(
∇v,∇ϕ
)
+
(
τ ,E(ϕ)
)
= (f ,ϕ) ∀ϕ ∈ V ,
We
d
dt
(τ ,ψ) + (τ ,ψ) = 2a
(
E(v),ψ
)
∀ψ ∈ L2(Ω)
are true in the distribution sense on (0, T ).
4 Main Result
Theorem 1 For given f , v0 and τ 0 which satisfy (6), there exists a unique
weak solutions (v, τ ) to problem (1)–(5). Moreover, v belongs to C([0, T ];H),
τ belongs to C([0, T ];L2(Ω)), and the following energy equation holds:
Re‖v(t)‖2
L2
+ 2(1− a)
t∫
0
‖∇v(s)‖2
L2
ds+
1
a
t∫
0
‖τ (s)‖2
L2
ds
+
We
2a
‖τ (t)‖2
L2
= 2
t∫
0
(f(s), v(s)) ds+ Re‖v0‖
2
L2
+
We
2a
‖τ 0‖
2
L2
. (7)
5 Proof of Theorem 1
For reader’s convenience, let us recall some results will be used later.
Lemma 1 (the Ladyzhenskaya inequality) For any open set Ω ⊂ R2
and any w ∈ H10 (Ω),
‖w‖L4 ≤ 2
1/4‖w‖1/2L2 ‖∇w‖
1/2
L2
.
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Lemma 2 Let X and Y be Hilbert spaces such that
X ⊂ Y ≡ Y ∗ ⊂X∗.
If a function w belongs to the space L2(0, T ;X) and its derivative w
′ belongs
to L2(0, T ;X
∗), then w is almost everywhere equal to a function continuous
from [0, T ] into Y and the following equality holds in the scalar distribution
sense on (0, T ):
d
dt
‖w(t)‖2
Y
= 2〈w′(t),w(t)〉X∗×X .
The proofs of Lemma 1 and Lemma 2 are given in the monograph [16].
Proof of Theorem 1. Let us start by proving the existence of weak solutions
to problem (1)–(5). In order to obtain a weak solution, we apply the Faedo–
Galerkin procedure.
Let {ϕj}∞j=1 be an orthonormal basis of the space H such that the system
{ϕj}∞j=1 is total in the space V , and let {ψ
j}∞j=1 be an orthonormal basis of
the space L2
(
Ω).
For each n ∈ N we define an approximate solution as follows:
vn =
n∑
j=1
anj(t)ϕ
j(x), τ n =
n∑
j=1
bnj(t)ψ
j(x),
where anj and bnj are unknown functions, and
Re
(∂vn
∂t
,ϕj
)
+ Re
2∑
i=1
(
vni
∂vn
∂xi
,ϕj
)
+ (τ n,E(ϕj))
+(1− a)(∇vn,∇ϕj) =
(
f ,ϕj
)
, j = 1, 2, . . . , n, (8)
We
(∂τ n
∂t
,ψj
)
+ (τ n,ψj) = 2a(E(vn),ψj), j = 1, 2, . . . , n, (9)
vn(·, 0) =
n∑
j=1
(v0,ϕ
j)ϕj , τ n(·, 0) =
n∑
j=1
(τ 0,ψ
j)ψj. (10)
Suppose that a pair (vn, τ n) satisfies (8)–(10). We claim that for (vn, τ n)
there exist suitable a priori estimates, which are independent of n. Indeed,
multiplying (8) by anj(t) and summing over j from 1 to n, we have
Re
(∂vn
∂t
, vn
)
+ (τ n,E(vn)) + (1− a)
(
∇vn,∇vn
)
= (f , vn) . (11)
Further, we multiply (9) by bnj(t) add the results for j = 1, 2 . . . , n:
We
(∂τ n
∂t
, τ n
)
+ (τ n, τ n) = 2a(E(vn), τ n). (12)
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Finally, we multiply (11) by 2a. Summing the result and (12), we can infer
2aRe
(∂vn
∂t
, vn
)
+ 2a(1− a)(∇vn,∇vn)
+ (τ n, τ n) +We
(∂τ n
∂t
, τ n
)
= 2a (f , vn) . (13)
Using the Gro¨nwall–Bellman inequality, from (13) we deduce that the sequence
{vn}∞n=1 is bounded in the spaces L2(0, T ;V ) and L∞(0, T ;H). Also, the
sequence {τ n}∞n=1 is bounded in the space L∞(0, T ;L2(Ω)). By virtue of these
properties, problem (8)–(10) admits a global (in time) solution for any n ∈ N.
Moreover, by analogy with the case of the Navier–Stokes system (see [16]), we
can apply the compactness theorems for passing to the limit as n→∞. As a
result, we get a weak solution of problem (1)–(5).
We will prove that this solution is unique. The proof is by reductio ad
absurdum. Let us assume that (v1, τ 1) and (v2, τ 2) are weak solutions to
problem (1)–(5). We will show that v1 = v2 and τ 1 = τ 2.
First let us show that
v′i ∈ L2(0, T ;V
∗), i = 1, 2. (14)
To do so, we introduce auxiliary operators by the following formulas:
A : V → V ∗, 〈A(v),ϕ〉 = (a− 1)
(
∇v,∇ϕ
)
,
B : V × V → V ∗, 〈B(v,w),ϕ〉 = Re
2∑
i=1
(
viw,
∂ϕ
∂xi
)
,
G : L2(Ω)→ V
∗, 〈G(τ ),ϕ〉 = −
(
τ ,E(ϕ)
)
.
One can deduce from the definition of weak solutions that
Rev′i = A(vi) + B(vi, vi) + G(τ i) + f .
It is readily seen that
A(vi),G(τ i), f ∈ L2(0, T ;V
∗). (15)
We claim that
B(vi) ∈ L2(0, T ;V
∗). (16)
Indeed, by the Ho¨lder inequality and the Ladyzhenskaya inequality (Lemma 1),
we obtain
|〈B(vi(t), vi(t)),ϕ〉| ≤ C1‖vi(t)‖
2
L4
‖ϕ‖V
≤ C2‖vi(t)‖L2‖∇vi(t)‖L2‖ϕ‖V . (17)
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For the rest of this article, by Ci, i = 1, 2, . . . , we will denote positive constants,
which are independent of t. From estimate (17) it follows that (16) holds.
If we combine (16) with (15), we get (14).
Moving on, let us prove that
τ ′i ∈ L2
(
0, T ; [H1(Ω)]∗
)
, i = 1, 2. (18)
Introducing the auxiliary operators
K : L2(Ω)→ [H
1(Ω)]∗, 〈K(τ ),ψ〉 = −(τ ,ψ),
N : V → [H1(Ω)]∗, 〈N (v),ψ〉 = 2a
(
E(v),ψ
)
,
we see that
We τ ′i = K(τ i) +N (vi).
It can easily be checked that
K(τ i),N (vi) ∈ L2(0, T ; [H
1(Ω)]∗),
which proves that (18) is valid.
Using (14) and (18), we apply Lemma 2 to vi and τ i, and we obtain
vi ∈ C([0, T ];H(Ω)), τ i ∈ C([0, T ];L2(Ω)), i = 1, 2.
Moreover, the following equalities hold almost everywhere on [0, T ]:
d
dt
‖u(t)‖2
L2
= 2〈u′(t),u(t)〉V ∗×V ,
d
dt
‖σ(t)‖2
L2
= 2〈σ′(t),σ(t)〉L∗
2
×L2
, (19)
where
u = v1 − v2, σ = τ 1 − τ 2.
Keeping in mind that (v1, τ 1) and (v2, τ 2) are weak solutions to problem
(1)–(5), we obtain, after a simple calculation,
Re〈u′,ϕ〉 − Re
2∑
i=1
(
v1iu,
∂ϕ
∂xi
)
− Re
2∑
i=1
(
uiv2,
∂ϕ
∂xi
)
+
(
σ,E(ϕ)
)
+ (1− a)
(
∇u,∇ϕ
)
= 0, (20)
We〈σ′,ψ〉+ (σ,ψ) = 2a
(
E(u),ψ
)
. (21)
Setting ϕ = u(t) in (20) and ψ = (2a)−1σ(t) in (21), we then add the
results. Taking into account (19), we obtain
Re
2
d
dt
‖u(t)‖2
L2
− Re
2∑
i=1
(
ui(t)v2(t),
∂u(t)
∂xi
)
+‖u(t)‖2
V
+
We
4a
d
dt
‖σ(t)‖2
L2
+
1
2a
‖σ(t)‖2
L2
= 0. (22)
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Using an integration by parts, the Ho¨lder inequality and the Ladyzhenskaya
inequality, we get
Re
∣∣∣∣∣
2∑
i=1
(
ui(t)v2(t),
∂u(t)
∂xi
)∣∣∣∣∣ ≤ C3‖u(t)‖2L4‖v2(t)‖V
≤ C4‖u(t)‖L2‖∇u(t)‖L2‖v2(t)‖V ≤ C5‖u(t)‖L2‖u(t)‖V ‖v2(t)‖V
≤ C6‖u(t)‖
2
L2
‖v2(t)‖
2
L2
+ ‖u(t)‖2
V
. (23)
With (23) we deduce from (22) the estimate
d
dt
(
‖u(t)‖2
L2
+ ‖σ(t)‖2
L2
)
≤ C7ξ(t)
(
‖u(t)‖2
L2
+ ‖σ(t)‖2
L2
)
.
where ξ(t) = ‖v2(t)‖2V ,
Note that u(0) = 0, σ(0) = 0, and ξ ∈ L1(0, T ). In this case, the Gro¨nwall–
Bellman inequality gives u ≡ 0 and σ ≡ 0. Thus, we have proved that problem
(1)–(5) has a unique weak solution.
By the above proof, we see that this solution belongs to C([0, T ];H(Ω))×
C([0, T ];L2(Ω)). Moreover, we can derive the energy equation (7) in the stan-
dard way. This completes the proof of Theorem 1.
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